Spin-orbit coupled semiconducting nanowires with proximity-induced superconductivity are expected to host Majorana zero modes at their endpoints when a sufficiently strong magnetic field is applied. The resulting phase would be a one-dimensional topological superconductor. However, while a variety of experiments have been performed observing a zero bias conductance peak (suggestive of Majorana zero modes), the topological nature of these physical systems is still a subject of debate. Here we suggest a quantitative test of the degree to which a system displaying a zero bias peak may be considered topological. The experiment is similar to previous measurements of conductance, but is performed with the aid of a quantum dot at the wire's end. We arrive at the surprising result that the non-local nature of the topological system may be identified through a local measurement.
Spin-orbit coupled semiconducting nanowires with proximity-induced superconductivity are expected to host Majorana zero modes at their endpoints when a sufficiently strong magnetic field is applied. The resulting phase would be a one-dimensional topological superconductor. However, while a variety of experiments have been performed observing a zero bias conductance peak (suggestive of Majorana zero modes), the topological nature of these physical systems is still a subject of debate. Here we suggest a quantitative test of the degree to which a system displaying a zero bias peak may be considered topological. The experiment is similar to previous measurements of conductance, but is performed with the aid of a quantum dot at the wire's end. We arrive at the surprising result that the non-local nature of the topological system may be identified through a local measurement.
Non-Abelian anyons, quasiparticle excitations in twodimensional systems that enact non-commuting unitary transformations on the ground state of a system when exchanged, are a fascinating consequence of low-dimensional physics, and are expected to provide a significant advantage in the field of quantum computation [1] [2] [3] [4] [5] [6] [7] . Non-Abelian statistics of this sort has yet to be demonstrated definitively, but recent years have shown a flurry of experimental [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and theoretical progress in the development of the simplest type of non-Abelian excitation, defects binding real fermionic zero modes called Majorana zero modes or MZMs. Some of the most exciting of these results have been the observation of zero bias conductance peaks in spin-orbit coupled semiconducting nanowires with proximity-induced superconductivity. Such systems are expected to host Majorana zero modes at the ends of a region of an effective spinless p-wave 'topological' superconducting region [19] [20] [21] [22] . While experiments thus far are extremely suggestive of Majorana physics and tend to defy explanations of a non-topological nature (e.g. Kondo physics) [16, [24] [25] [26] [27] [28] [29] , the observation of a zero-bias conductance peak is itself only a necessary and not a sufficient condition for determining that a system is behaving as a topological superconductor. For this reason, a variety of experiments have been proposed for probing the non-Abelian nature of the Majorana defects as an indication of topological physics [30] [31] [32] [33] [34] and as a stepping stone toward quantum computation [35] [36] [37] [38] [39] [40] . These proposals have in common that they involve non-local probes of the system (e.g. measurement of the fermion parity of an entire wire segment). It is a unique feature of the measurement that we propose here that it is both local and sufficient to determine whether a system is behaving topologically.
The reason that observation of a zero-bias conductance peak is not sufficient to determine that a nanowire is in a topological phase is somewhat subtle. When the lead probing the system is a normal metal, a zero-bias peak in conductance does indicate that there is at least one pair of energy levels in the system that differ in quantum numbers by an electron and that are degenerate to within the resolution of the experiment. A zero-bias peak in conductance is therefore sufficient to determine that there exists a fermionic moded in the nanowire (γ1 + iγ2) by coupling to a lead at voltage V bias relative to ground through a quantum dot with a single fermionic level with annihilation operatorĉ. The energy difference d between the occupied and unoccupied states of that dot is set by a side-gate voltage and varied to perform the experiment suggested here. The dot-wire system is characterized by three additional parameters: the couplings η and η from the dot to the Majorana modes γ1 and γ2 respectively, and the Majorana hybridization w that sets the energy difference between occupied and unoccupied states of the fermionic mode in the wire. If the wire is in the topological superconducting phase, both η and w should be ∼ 0. A similar differential conductance experiment without the dot present can only access the value of w . With the dot, all three parameters may be measured independently. In particular, one can make measure of q = 1−|η|/|η |, a 'topological quality factor' quantifying the extent to which one may expect non-Abelian behavior from the Majorana bound states in the wire. at zero energy (within some bound given by the peak width). Such a degeneracy is predicted in the topological system [1] [2] [3] [4] [5] [6] [7] , where the fermionic mode is shared among two Majorana zero modes separated by the length of the wire. (This separation is the source of the 'topological protection' of the degeneracy and the utility for quantum information applications [1] [2] [3] [4] [5] [6] [7] .) However, it is important to realize that by taking real and imaginary parts of any fermionic zero mode, that mode may be formally divided into two Majorana modes γ 1 and γ 2 at zero energy (as 2d = iγ 1 + γ 2 , where γ
This alone does not suffice for the system to be topological. The hallmark of the topological phase is that these two MaarXiv:1702.01740v1 [cond-mat.mes-hall] 6 Feb 2017 jorana modes are separated in space, which cannot be determined from an examination of the energy of the fermionic mode in and of itself (although it may be strongly suggested if the ground state energy splitting becomes exponentially small as the wire length is increased) [1] [2] [3] [4] [5] [6] [7] 17] . Rather, to determine that a system is topological, one must show that each of these Majorana modes is localized to a different position, and in particular that each mode may only couple to operators near that position.
Here, we show that a modified transport experiment interposing a quantum dot between the lead and the nanowire can measure separately the coupling of the dot to each of the two Majorana bound states that make up the fermionic mode in the wire. If the wire is topological, the dot should only couple to the Majorana bound state nearest the wire end next to the dot. We therefore introduce a 'topological quality factor' given by one minus the ratio of the two couplings. This quality factor is 1 when the system is purely topological and zero for an electronic (non-superconducting) bound state. A quality factor near 1 is essential for the observation of non-Abelian behavior from Majorana systems in future experiments [34] .
The quality factor may be obtained from differential conductance measurements by tuning the quantum dot through a resonance. One important property of the experiment we suggest is that it is eminently realizable in present day experimental systems. In fact, a version of this experiment has already been performed in Ref. 18 , though no systematic investigation of the quality factor was performed. We conclude our paper with a comparison of the conductance spectra in that paper with those predicted by the simple model presented here (See Fig. 3 ). The qualitative similarly of the data and the results of our model should allow the effective extraction of the model parameters (q in particular) from experiments on similar systems.
The Model: The bulk of this paper is devoted to the analysis of a simple model of the dot-wire system shown in Fig. 1 . We describe the quantum dot by a single fermionic modeĉ that may be occupied or unoccupied. The fermionic moded in the wire is split into two Majorana modes
† . These modes are not assumed to be of topological origin. We note that charge is only conserved mod 2 within the superconducting nanowire, so the most general Hamiltonian coupling the dot to the wire is given by
Here the couplings η and η may be taken to be real without loss of generality via gauge transformations onĉ andd. We may express this Hamiltonian in the occupation basis for the fermionic modes on the dot and the wire. We have
Expected low-energy spectrum near the dot resonance for various values of the topological quality factor q and in the absence of hybridization between the two Majorana modes. The distance between the outer two mode peaks at resonance is twice the 'topological' coupling η. The distance between the two inner mode peaks at resonance is twice the 'non-topological' coupling η . For a perfectly topological system (q = 1, w = 0), the zero-bias conductance peak does not split as it passes through the dot resonance.
Note that we ignore any Coulomb interaction (such an interaction would add a term E C |11 11| to the Hamiltonian). Again without loss of generality we take |η| > |η | > 0 and define the quality factor q = 1 − |η |/|η|. Measurement We note that the Hamiltonian above is split into two subsectors with opposite fermion parity. A typical transport experiment measuring conductance through the dot into the superconducting wire has conductance peaks whenever the bias voltage is on resonance with transitions between the ground state of the dot-wire system and an excited state in the opposite parity sector. In the absence of a significant Coulomb interaction between the wires, the transition spacings available from each of the four possible ground states actually all coincide [43] . These conductance peaks will therefore occur at the values
If the dot is well off resonance (| d | η, η ), then the transitions between the lowest levels provides a direct measure of w , the 'Majorana hybridization.' This measurement has been the focus of much of the experimental effort thus far, which finds w ∼ 0 over a wide range of parameters [8-15, 17, 18] .
However, by tuning the quantum dot to resonance [18] , we may achieve a direct measurement of the couplings between the dot and the wire. In the ideal (topological) case, only one of the Majorana modes in the wire is coupled to the dot (η = 0, or q = 1). In Fig. 2 we plot the transition spectrum of the dot-wire system for w = 0 and various values of q. Near resonance, two conductance peaks break off from the continuum and have an avoided crossing at d = 0. Their point of closest approach gives a measurement of η, the larger of the two Majorana couplings (the distance between the peaks is 2η). Meanwhile, the states that are degenerate at large d split near the dot resonance by 2η .
Comment on locality and Ising theory: It is somewhat remarkable that such a simple experiment, measuring effectively local properties of the hybridization between the dot and wire states, can determine the non-local nature of the fermionic mode on the wire that is shared between the two Majoranas. It is somewhat revealing to approach this problem from the point of view of the Ising anyon theory that is (approximately) realized by Majorana zero modes [1] [2] [3] [4] [5] [6] [7] . This theory is governed by the fusion rules
which determine the possible resulting anyonic charges when two or more anyons in the theory are joined together. This theory is mapped to the MZM-containing system by equating the Majorana bound states with the σ charge, the occupied state of two Majorana modes by the Ψ charge, and the unoccupied state by the σ charge. The last line of Eq. (4) therefore indicates that the combination of two Majorana modes may either contain a fermion (Ψ) or be empty (I). Importantly, any combination of anyon charges containing an odd number of σs will always fuse to a σ, while any even combination will fuse to I or Ψ. In the Majorana language, this means that any odd number of Majorana modes, no matter how coupled, will always have some Majorana mode left at zero energy. When the experimental device shown in Fig. 1 is considered in these terms, it is clear that the topological case ( w = η = 0) has a zero energy mode independent of the tuning of the dot energy d . (In this context it is useful to think of the fermionic mode on the dot being made up of two Majorana modes). When the last Majorana mode γ 2 is coupled in ( w , η = 0), the number of Majorana modes (or σ charges) that are coupled becomes even, and an energy splitting is allowed between the states with overall even (I) or odd (Ψ) fermion parity.
Non-zero Majorana hybridization: If the two Majorana bound states in the nanowire have non-zero overlap, the conductance spectrum near the dot resonance becomes asymmetric in d , and the two central peaks, separated by 2 w off resonance, have a crossing that approaches the dot resonance as w increases. Such a crossing is observed in Ref. 18 (See Fig. 3,  top) .
Consequences for topological operations: If we consider a topological operation, such as a step in a braid process [30] [31] [32] 35] , there is a constraint on the quality factor required to recover the topological result of that computation [34] . The constraint stems from the requirement that the operation must be performed diabatically with respect to the non-topological coupling η in order for the system to respond as if only the topologically allowed couplings are present. In terms of the q=0.5
Comparison of differential conductance color plots from Deng et al. [18] (left) with transition plots from our simple model (right). Here we plot the transitions for a quality factor of q = 0.5 and two values of w /η that lead to qualitatively similar traces. The circled point in the Deng et al. data (top left) indicates an anticrossing between dot and wire states that is also present within our simple model (top right). In fact, the behavior is sufficiently alike that more exact values for the model parameters might be extracted from similar data in a systematic study.
quality factor introduced here, the constraint is
where τ is the time taken to perform the operational step. However, in most applications there is an additional constraint that the operation be performed adiabatically with respect to the lowest excitation gap, which in this case is of the order of η itself [1-7, 31, 34, 35] . Likewise, in all cases the operation must proceed quickly with respect to the hybridization w between the two Majorana modes. This extends the requirement to
If the operation is performed too slowly compared to the quality factor and the excitation gap, or compared to the Majorana hybridization, the system will behave as if it is nontopological. If the operation is performed too quickly, diabatic errors will result [1] [2] [3] [4] [5] [6] [7] 41] . We emphasize once more that w and (1 − q)η are two independent energy scales (although both are expected to be suppressed exponentially by the Majorana separation in the topological case.) It is entirely possible for a system to have a small Majorana hybridization and still behave non-topologically.
Comparison with experimental data: In Fig. 3 , we show data from the paper of Deng et al. measuring the conductance through a quantum dot for situations in which the Majorana hybridization is either well resolved or near zero. While we observe that a quality factor near 0.5 seems consistent with the experimental data plotted here, these data sets were not chosen to demonstrate a high quality factor, and sample configurations with smaller splitting of the zero-bias conductance peak at resonance have been observed [42] . Note that the curvature of the outer transitions in our simple model does not match that of the experimental data, as the experimentally observed peak is bent toward the center horizon by level repulsion from the continuum states. Nevertheless, it is clearly within the realm of current experimental capabilities to perform the desired measurements, allowing direct extraction of both the Majorana hybridization and the topological quality factor from experimental data. This experiment would therefore be useful in determining whether a given system will behave topologically in more complicated experiments involving braid operations [30] [31] [32] [33] [34] [35] [36] or non-local parity measurements [38] [39] [40] .
